arXiv: 1504.03135vl [math.PR] 13 Apr 2015 


On maxima of chi-processes over threshold dependent grids * 


Chengxiu Ling a , Zhongquan Tan“’ b ^ 

a Department of Actuarial Science, Faculty of Business and Economics (HEC Lausanne), University of Lausanne, 

UNIL-Dorigny, 1015 Lausanne, Switzerland 

b College of Mathematics, Physics and Information Engineering, Jiaxing University, Jiaxing 31)001, PR China; 


Abstract: In this paper, with motivation from m and the considerable interest in stationary 

chi-processes, we derive asymptotic joint distributions of maxima of stationary strongly dependent 
chi-processes on a continuous time and an uniform grid on the real axis. Our findings extend those for 
Gaussian cases and give three involved dependence structures via the strongly dependence condition 
and the sparse, Pickands and dense grids. 

Key Words: stationary chi-processes; normal comparison lemma; discrete time process; Piterbarg 
max-discretization theorem; Pickands constant. 

AMS Classification: Primary 60F05; secondary 60G15 


1 Introduction 

Consider a stationary chi-process > 0} with to, to € N degrees of freedom as follows 

Xm(t) = (x\ 2 (t) + • • • + X 2 m (t)) 1/2 = ||X(i)||, t > 0, 

where X(t) = {X\(t),... ,X m (t)) is a vector Gaussian process which components are independent copies of 
a standard (zero-mean and unit-variance) stationary Gaussian process {X(t),t > 0} with almost surely (a.s.) 
continuous sample paths and correlation function r(t) = E{A(0)A(t)} ,t > 0. 

In this paper, we are concerned with the dependence of extremes of the continuous time and discrete time of chi- 
processes. Specifically, assuming that the process t £ [0, T]} is observed at time t £ JR(5) = {kS,k £ N} 

with frequency S = St > 0, of interest is the asymptotic joint distributions of M m (S,T)) as T —> oo 

(after normalization) with 

M m (T) := sup Xm(t), M m (6,T) := sup Xm(t). (1) 

te[o,T] te3i(<5)n[o,T] 

The impetus for this investigation comes from numerical simulations of high extremes of continuous time ran¬ 
dom processes, see e.g., mmm for Gaussian processes, [lB] for the storage process with fractional Brownian 
motion, US ESI ESI for stationary vector Gaussian processes and standardized stationary Gaussian processes, 
and |41j for stationary processes. It is shown in the aforementioned contributions that the dependence between 
continuous time extremes and discrete time extremes is determined strongly by the sampling frequency S and 
the normalization constants, see also for related discussions 0 eb eh m m in the financial and time series 
literature. Another motivation is that since the chi-processes appear naturally as limiting processes which have 
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attracted considerable interest from both theoretical and practical fields, see e.g., m na hd on for deeply 
theoretical discussions involved in the continuous time extremes of various y-processes, and m EE GE? ; , ?] for 
statistics test applications concerning the maxima over the chosen time points set and the continuous time 
intervals. Therefore, of crucial importance is to understand the underlying asymptotic behavior of the extremes 
for different grids. 

The principle challenge for ^-processes increases significantly due to no counterpart of Berman’s Normal Com¬ 
parison Lemma for chi-distributions. However, with the technical methodology from 

126) . and assuming certain locally and long range dependence on the common Gaussian process 2f(-), namely 
(see for its extensional utilizations mmm) 

r(t) = 1 — \t\ a + o(|t|“), t — > 0 for some a £ (0, 2] (2) 

and 

lim r(T) InT = r £ [0, oo), (3) 

T-y oo L 

we establish our findings in Theorem 12.II extending those for weakly dependent stationary Gaussian processes in 
m , corresponding to m = 1 and r = 0 in ([3]) in our setting, represent asymptotically completely dependence, 
max-stable dependence and conditional independence according to the three different types of grids in the ter¬ 
minology of [M, namely the dense grid 93(5) with 5(T) = o((2 lnT) _1 /“), T —> oo, the Pickands grid 93(5) with 
5(T) = D(21nT) -1 / a for some D £ (0,oo), and the sparse grid 93(5) with lim-r^oo 5(T)(2 InT) 1 /® = oo and 
5(T) < 5o for some 5o > 0. 

We note in passing that our methodology is different from that in mi which is strongly based on the Albin’s 
methodology wherein the verification of technical Albin’s conditions requires in general a lot of efforts. More¬ 
over, our theoretical results, which do not seem possible to be guessed, are of interest for simulation studies, 
and give to some extent certain recommendations how tight a simulation grid should be when high extremes 
are important in simulations of the chi-processes under consideration. 

The rest of the paper is organized as follows. Our main results are presented in the next section. All the proofs 
are relegated to Section [3] which is followed by an Appendix including some technical auxiliary results. 


2 Main results 

This section is devoted to the asymptotic properties of (M m (T), M m (5,T)) given in JTJ for the three different 
types of grids 5 = 5(T) in the terminology of [30 . Before giving our main result (see Theorem 12.11 belowh we 
shall first recall some asymptotic results of the considered chi-processes and introduce some notation concerning 
the Pickands type constants. 

As we know from [28] or Corollary 7.3 in [25] that, if the correlation function r(t) satisfies ([2]) and in addition 
r(t) < 1 for all t ^ 0, then for any fixed T > 0 

P{M m (T) >u} = T T ^ m / 2 f u2/a+m ~ 2 exp [~Y) ( 1 + Q ( 1 ))’ u ^°°’ ( 4 ) 

where T(-) is the Euler Gamma function and T-L a £ (0, oo) denotes the Pickands constant, see [l4l 151 l29l[T9ll33l 15] 
for details and various discussions. The asymptotic properties of M m (T ) have been extensively studied in the 
literature; see [2J [3j 7) [24] [281 EH 36, 40] for various results. Moreover, if additionally condition ([3]) holds for 
some r £ [0, oo), then the mixed Gumbel limit theorem holds as follows (see e.g., Theorem 3.1 in [35] 3 

P{a T (M m (T) -br) < x} —> E {exp } , T -4 oo, (5) 
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with Xm positive such that Xm a chi-square random variable with m degrees of freedom, and ar, br given by 


CiT 


= \J 2 In T, bx = clt + 


ln(2 1 - m / 2 (r(rn/2))- 1 'H Q a^ / “ +m " 2 ) 


ClT 


( 6 ) 


Next, we shall state our main result which is a type of Piterbarg’s max-discretisation theorems for chi-processes 
in terms of [35]. To this end, two Picaknds type constants (see (JTJ) below) are needed. 

Let 73*/ 2 (t) := V2B a /2(t) — t a with £?#(•) a fractional Brownian motion (fBm) with Hurst index H £ (0,1], 
and thus define a m-parameter fBm 13*^ 2 ( t) = 77* 72 ^)’ a = («i, £ (0,2] m ,t = (ti,...,t m ) £ 

[0,oo) m with mutually independent fBms 73* , 2 [-),i < m, see e.g., [21, 29] for related discussions on the m- 
parameter fBm £Py 2 (-). We define thus, for any D > 0 and ciq = (a, 2,..., 2) £ (0, 2] m 


T~iD,a = lim 

A—>-oo 


Eexp (max feD6[0jA]jfceN B* a/2 (kD)^j 


K X n V ao : Inn 


^(A) 


A—>-oo 


, x,y e 


(7) 


which are finite and positive by Theorem 2 in and Lemma T3.31 respectively, here 

^Da(A) = / e s p( max 73* /2 (t) > s + x, max 73* /2 (t) > s + yl ds, 

J- 00 (te[o,A] m a/ ^ te[o,A] m n({fer>,feeN}xR m - 1 ) “ /2 J 


and further 


bg,T = < 


In 


(IT 1 


(V 


-m/2 


(r(m/2)) _1 KD l o.Or / 


2/ a + m -2 


, «T + 


ln^2 1 - m / 2 (r(rn/2))- 1 5- 1 a~- 2 ^ 


, 91(5) a Pickands grid; 
93(5) a sparse grid. 


( 8 ) 


Theorem 2.1. Let M m (S,T)) be given as in dTJ . Suppose that the correlation r(-) satisfies condition 

© and we have, with involved quantities given by © (| 8 |) . as T —> 00 and x,y £ R 

(a) For the sparse grid 91(5) 


F{a T (M m (T)-b T ) <x,a T (M m (6,T)-b s , T ) <y} ^Ee X p(-(e~ x + e -y) e ~ r+V ^x^ . 

(b) For the Pickands grid 91(5) = 91(79(2 lnT) _1// “) with D > 0 


(9) 


P {a T (M m (T) - b T ) < x,a T (M m (S,T) - &y T ) < y} 

-► Eexp (-(e-* + e~ y - w (rn-l)/ 2 ylnHMnH D , a +yy- r+ ^ Xm ^ ( 10 ) 

(c) For any dense grid 91(5) 

P{a T (M m (T)-b T ) <x,a T (M m (5, T) - b T ) < y} ^ Eexp . (11) 

Remark 2.2. (a) A straightforward application of Theorem \2.1\ (a) with 5(T ) = 1 yields that 

P{or(M m (l,T) - 61 , T ) < a;} -)• Eexp ; ^ G R, 

which may have independent interest in viewpoint of statistics applications, see e.g., m for utilizations of the 
above limit with m = 1 concerning test for additive outliers. 

(b) From our results we see that the joint convergence is determined by the choice of the grids and the normal¬ 
ization constants aT,bx and bs t T> which is helpful in simulation studies and statistical applications, see related 
discussions for vector Gaussian processes in llS'f . 

(c) Clearly, the marginal distributions are the same, i.e., the mixed Gumbel distributions, and our results extend 

those for the Gaussian processes, see mug/. Moreover, the joint limit distribution for the Pickands grid is 
more involved due to the complication of the Pickands type constant , which calculation and 

simulation are open problems. 
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(d) It might he possible to allow X's to be dependent with condition (O stated in a slightly general form such as 
ri(t ) = 1 — Ci |t| Q * (1 + o(l)), t —> 0 as well. Results for extremes of chi-type processes for such generalizations 
can be found in 

(e) It might be interesting to investigate the limit theorems for different grids as in fISf . Another possibility is 
to relax r £ [0, oo] in (J3]).' see e.g., 1261 \T3j for similar discussions. 

(f) Following our arguments, it might be possible to consider the same problem for locally stationary chi-processes 
and cyclo-stationary chi-processes which are considered in MW and fT8i WSf . respectively. 


3 Further results and proofs 

We present first four lemmas followed then by the proofs of Theorem 12.11 for m > 2 since the claim for m = 1, 
the stationary Gaussian processes follows immediately from m In what follows, we shall keep the notation as 
in Section [Q and denote further by $ and <p the survival distribution function and probability density function 
of a standard normal variable, respectively. We write C for a positive constant whose values may change from 
line to line. All the limits are taken as T and u tend to infinity in this coordinated way (unless otherwise stated) 

u 2 = 21nT+ (2/a + m-2)lnlnT + 0(l). 

Note that, in view of [29] , for any closed non-empty set E C [0, T] and <S m _i the unit sphere in (with respect 
to L 2 -norm) 

sup Xm(t)= sup Y(t,v), 
teE (t,v)GExSm -1 

where the Gaussian held {Y(t,v), (t, v) £ [0,T] x is given by 

Y(t,v) = Xi(t)vi + X 2 (t)v 2 H- \-X m (t)v m , (t,v) £ [0, T] x 

Note in passing that the covariance function of Y(t, v), denoted by r(t, v, s, w), is as follows 

II v — w|| 2 

r{t, v, s, w) = r(t — s)A(v, w), A(v,w) = l ---, v,w£«S m _i. (12) 

Therefore, crucial in the following is to construct as in m the grids 9!“, b > 0 over the cylinder [0, T] x <S m _i 
(see (flBl) for details) and to deal with the random held Y(t, v) in terms of frit, v) dehned below in (flbl) . 

Let d{x) = sup x< | t i <T r{t) for any x > 0. In view of ©, we choose some small e £ (0, 2 _1 /“) such that for all 
|t| < e < 2 -1 /“ 

|l*l“ <l-r(t)<2|t|“. (13) 

It follows further from ]3]) that $(e) < 1 holds for all sufficiently large T (see p. 86 in [19]). Therefore, we choose 
some constants c and a such that 

0<c<a< Tr|i <L (14) 

Next, we introduce a Gaussian held frit, v), (t, v) £ [0, T] x S m -1 via Y(t, v) and condition ]3]), which is crucial 
in our proof, see the technical Lemma 15721 Following divide [0,T] into intervals with length T a alternating 
with shorter intervals with length T c and write 

h := [(* - l)(T a + T c ), (i - 1 )(T a + T c ) + T a ], E t := [(i - l)(T a + T c ),i{T a + T c )), (15) 

for 1 < i < n, n = |_T/(T a + T c ))J. Here stands for the integer part of x. We will see from Lemma [331 below 
that, the asymptotic joint distribution of (M m (T), M m (S,T) is determined totally by that of the maxima over 
the closed set X = U ” =1 /,;. 
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Further, let Yi(t,v), (f, v) £ [0,T] x S m -i,i < n be independent copies of {Y(t,v), (t,v) £ [0 ,T] x and 

Zi, 1 < i < m be standard Gaussian random variables so that the components of the (n + m)-dimension random 
vector 

(Yi(f,v),.. .,Y n (t,v),Z i,... ,Z m ) 

are mutually independent. We define, with p(T) = r/lnT and Gaussian random field Z(v) = Z\V\ + Z 2 V 2 + 
-b Zm'Um 5 V £ Sm -lj 

£r(i,v) = i/l - p(T)Yi(t,v) + y/p(T)Z(v), (t, v) £ Ei x 5 m _i, 1 < * < n, (16) 

which covariance function g(t,v,s, w) is given by 

p(t,v,s,w) = r*(t,s)A(y, w), 


where 


r*(t,s) 


r(t - s) + (1 - r(t - s))p(T), (f, s) £ x £); 

p(T), {t,s)eE i xE j ,i^j. 


(17) 


Lemma 3.1. For the grid 91(5) is a sparse grid or a Pickands grid, there exists a grid = Olf, x JHt, on t/ie 
cylinder [0, T] x <S m _i such that for any B > 0, we have for all x, y £ \—B, B] 


¥ \a T (m.axXm(t) - h T ) < x,a T ( max Xm(t) - bs,r) < y\ 

[ tei v te£H(<5)nx J 

—P<ot( max Y(t,v) — bx) < x,aT\ max 

X (t,v)GSR^n(Xx5 m _i) ' V (tv)E(55(S)x<Ri)n(IxS m _ 


^F(t,v) - 6 y T ) < yj 


->• 0 


as T —> 00 and b f 0, subsequently. 


For the proof of Lemma 13.11 one can follow similar arguments as for Lemma 3 in 127] and thus we omit here. 
Since the grid is crucial for our proofs, we provide the details on its construction. 

For any given e > 0 we partition the sphere <S m _i onto N(e) parts A ±,..., A N ^ in the following way. With a 
polar-coordinate transformation, any point x on the sphere <S m _i is given in terms of angle <p = (ip 1 ,..., ip m - 1 ) £ 
[ 0 , 7 r ) m ~ 2 x [0,27r) and divide all the intervals [0, 7 r] into intervals of length e (or less for the last interval), do 
the same for the interval [0, 27 t]. This partition of the parallelepiped [ 0 , 7 r ] m_2 x [0, 27 t] generates the partition 
Aj, 1 < j < N(e) of the sphere. For a fixed u, choose in every Aj an inner point Bj and consider the tangent 
plane to the cylinder [0, T] x S m -i at the chosen point. Introduce in the tangent plane rectangular coordinates, 
with origin at the tangent point; the first coordinate is assigned to the direction t. In the so-constructed space 
M m , consider the grid of points 

:= ( bhu~«,bl 2 U~ l ,...,bl m u , j = 1,2 ,...,N(e) 

and 

m b,u,e : = {M 2 U - 1 ,..., blmU- 1 ) , <k J b ’^ e := (bhu~^ , j = 1,2,..., N(e), 

where (h,h ,..., l m ) £ Z m . Suppose that e is so small that the orthogonal projections of all [0, T] x Aj onto the 
corresponding tangent plane are one-to-one. Hence the distance between any two points in [0, T] x S m -i has the 
same order with that of their orthogonal projections on the tangent planes. Denote by A^ the projection of Aj 
at the tangent plane, and by 9t£“ e , and ^ u e , the prototype of and fR);^ E , respectively, 

under this projection. The grids 

N (e) N(e) N(s) 

= u 

7=1 7 = 1 7=1 

with an appropriate choice of their parameters, satisfy the assertion of Lemma 13.II 

Next, we will introduce three technical lemmas which proofs will be relegated in the Appendix. We will see 
that Lemmas 13.21 and 13.31 are crucial for the proof of Theorem 12.11 


K=K,u,e= U 


X b = % 


b,u,e 




b,U,£ J 


K b =% 


b,u,£ 


= U 


b,u,£ 


(18) 
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Lemma 3.2. Let the grid 9L(<5) be a sparse grid or Pickands grid, and as in Lemma \3.1\. For any B > 0 
we have for all x,y £ \—B, B\, 


Ar.h := 


P<a/r( max Y(t,v) — bx) < x.ari max 

1 x (i,v)e«H“n(xxS m _i) (t,v)e(5?(j)xKi,)n(ixS. 


— r<a/r( max v) — bx) < a;,<2 t( max 

v (t.v)eSRfn(ix5 m _i) ' v (t,v)e(m(5)x5H!,)n(ixS m _ 


^r(Lv) - fey T ) < yj 

^£r(i, v) - 65,t) < 2/| 


-» 0 


uniformly for b > 0, as T —> 00 . 


In the following, we denote (recall bg.r in ©) 


b T + x/a T - \/ p(T) 11 z 11 x + r-s/2r\\z\\ ( 

■= - (1 - P ( T)f» - =bT+ - ~r - + ° K > 


bs,T + y/a T - \Jp(T) Ijzjj 
(l-p(T))V2 


j. , y + r-Vfr ||z|| 

bs, t H- 

CLt 


O^Ojrjpi ) . 


(19) 


Lemma 3.3. Under the conditions of Theorem 1 2. 11 we have, with 'HD,a,'Hff y ao ,J\b and Vt,vt given by (|7|) . 
dll and respectively, 


max 

(t,v)GSR“n([0,T“]x5 m _i) 


max 

(t,v)e(lH(5)x?! i ,)n([0,T“]x5 m _ 


Y(t,v) > v T J =T a - 1 e- x - r+V5 " l|z|1 (l + o(l)) 

) y(t, v) > 4 J = ra-ie-v-HV^IHl (1 + o(1)) 


hold for sufficiently large T and sufficiently small b > 0. ^4nd 


max Y(t,v)>VT, max Y(t,v)>vf 

(t,v)e'R?n([o,T»]xS m _ 1 ) (t,v)e(5i(j)x5i b )n([o,T“]xS m _i) 


ofT^ 1 ) 


5K(fe) is a sparse grid; 


\ T a - 1 n^Hp™“ +x ’ lnHD '°‘ +y e- r+ ' / ^ : M(l + o(l)), 91(5) is a Pickands grid 

hold for sufficiently large T and sufficiently small b > 0. 


( 20 ) 


( 21 ) 


Lemma 3.4. Suppose that the grid 9t(<5) is a sparse grid or a Pickands grid. For any B > 0, we have for all 
x, y € [-B, B], as T —> 00 


P {a T (M m (T) - b T ) < x, a T {M m (5, T) - b s , T ) < y} 


arfmax Y m (t) — bx) < x, ar( max 
v tei w ’ v tem(5)ni 


Xm(t) ~ bs.T ) < 2/1 


( 22 ) 


Proof of Lemma 13.41 The proof is similar to that of Lemma 6 in |30| . Clearly, the left-hand side of (1221) is 
bounded from above by 


P \ max Xm(t) > b T + x/a T \ + P \ max Xm(t) > fey T + y/a T > =: Jt, 1 + Jr, 2 - (23) 

[te[o,T]\i J [tem(S)n[o,T]\x J 

It follows from 11 and © and the construction of I that (recall that © holds also for T = T(u) —> 00 with 
suitable speed, see Theorem 7.2 of [25]), with mes(-) the Lebesgue measure 

Jt, 1 < Cmes([0, T}\l)(b T + x/a T ) 2/a+m " 1 $(feT + x/a T ) < < C ^ 0 

as T —> 00 . Similarly, using (BUI) in Lemma EPl with vlf and exp [—y — r + y/2r ||z||) replaced by utf = bg^+y /clt 
and e ~ v , respectively, we have limr^oo Jt ,2 = 0 , hence the proof is complete. □ 

Proof of Theorem 2.1. First, by (1161) we have 


ar( max frit, v) — br) < x, ar( max 

v (i,v)e<H“n(ix5 m _i) ’ v (t,v)e(3t(5)xiH6)n(XxS„ 


^rft.v) - feyr) < yj 
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(27r) m /2 

CLt 


e-IINI 2 ! 


clt( max 6r(i, v) — fry) < 

v (t,v)Grn“n(ix5 m _i) ' 


max 

(t,v)e(m(8)xm b )n(xxs m - 


£r(i, v) - bg iT ) < y\Zi = Z!, ..., Z m = z m \ dzi ■ ■ ■ dz n 

i) J 


l|z||>0 


max Y (t, v) < 

(t,v)e«R“n([o,T“]x5 m _i) 


max Y(t, v) < 

(t,v)e(SK(5)x<R6)n([0,T o ]x5 m _i) 


b T +x/a T - \Jp(T) 

(1 -P(T))V* 

bs,T + y/a T - \Jp{T) ||z|| ] 
(1 ~P(T))V* I 


< ||Z||}. 


(24) 


Denote 


Pn,b{x,y) 


P < max Y(t,v)<VT, 

l(t,v)e<ttg'n([ 0 ,r«]xs m _ 1 ) 


max 

(t,v)e(5i(i)x9ii)n([0,r“]xs m _i) 


Y(t,v) < v? 


(25) 


Next, we deal with the grid 94(5) being a sparse, Pickands and dense grid in turn. 

(a) For the sparse grid 94(5). Using Lemmas 13.1113.41 and (HMl) . the first claim in Theorem 12.II will follow if we 
show that 


(Pn,b (*, y)T - exp (_( e — +v^l|z|| + , 


, — y—r+V2r\\i 


0 . 


Since liner->oo Pn,b(x , y) = 1 uniformly for all x, y £ M and thus 

(■ P n ,b{x , y)) n = exp (n In P n , b (x, y)) = exp (~n( 1 - P n ,b(x, y))(l + o(l))). 

Finally, using Lemma T3.31 for sparse grids, we get that 

n (1 — P n>b (x, y)) = nT 11 - 1 f e -*-rW27|M| + e _ v _r+v^||-||^ + 0 ( 1 )) ) 

which together with the fact that n = T/(T a + T c ), 0 < c < a < 1 and the dominated convergence theorem 
completes the proof for sparse grid. 

(b) For the Pickands grid 94(5) with 5(T) = D{2 lnT) _1 /“. Similarly as for the sparse grid, it suffices to show 
that 


n (1 - P nJb {x, y)) = (e~ x + e~v - n {m-i)/ 2 n ^u a , a+x MH a +y^ e _r+^||z|| (1 + o(1)) 

with P n , b (x,y) defined in (|25|) . This is verified by Lemma [T3l for Pickands grids. 

(c) For the dense grid 94(5). In view of Lemma 3 of [27], we have 


< 


<ar( max Y(t, v) — bx) < x, ax( max U(t, v) — bx) < y > 

( V (t,v)e[0,T]x5 m _i ’ V (t,v)e*K(<5)n[0,T]x5 m -i ’ J 

— P<ar( max Y(t,v) — bx) < x,ax( max Y(t,v) — bx) < y> 

\ v (t,v)e[0,T]x5 m _i V ' ’ V (t,v)e[0,T]x5 m -i K ) 

Y(t,v) - b T ) < 2/1 - pjar( max Y(t,v) - b T ) < y\ 

i J [ (t,v)e[0,T]xS m _i J 


ax ( max 

(t,v)e31(<5)n[0,T]x5 m _i 


-> 0 . 


Further, by @ 

P<ar( max Y(t,v) — bx) < x,ax( max Y(t, v) — bx) < y > 
( V (t,v)e[0,T]xS m _i ' y (t,v)e[0,T]x5 m _i ' J 

= P < ax ( max Y (f, v) — bx) < min(:r, y) > 

\ l ((,v)e[0,T]x5m_ 1 y J K ’) 

-> Eexp ^ e -™»(x,y)-r+Y2?Xm\ , 

the required claim (c) follows. Consequently, Theorem 12.II is proved. 


□ 
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4 Appendix 


In this section, we give the proofs of Lemmas 13.21 and 13.31 respectively. Before we proceed the proof, let 
us recall some basic quantities which will be repeatedly used below. For simplicity of notation, we write 
u T = bx + x/clt , Uj, = bs.T + y/ax with ax, bx, bs } x given by ([ 6 ]) and ©. Thus 


(26) 


(27) 


Ux = 2 InT + ( 2 /a + m — 2 ) lnlnT + 0 ( 1 ), 

which implies that 

T - 1 = Cu 2 > a+m - 2 exp ^ (1 + o(l)). 

Further, denote by w(t, s) = max{|r(i — s)|, | r*(t, s)|} with r* given in (fTTl) . and define 

6(to) = sup w(t,s), to > 0 . 

s| Mo 

Since 9(t 0 ) > 9(to) := sup to< i t | <T r(t), the constants c and a given in (THl) hold also for O(-), i.e., 

1 + 0(e) 

Note that, from the construction of IHf, given by (fT 8 )l . the number of points in D\b D <S m _i does not exceed 
Cb- ( - m - 1 '>u m - 1 (l + o( 1 )) = C 6 -( m - 1 )( 21 nT)( m - 1 )/ 2 (l + o(l)). 

Proof of Lemma l3.21 It follows by Berman’s inequality (see e.g., [29]) that, with Vi = 91“ (~l (/,: x S m -i),Vi = 
(fd(d) x V\ b ) fl (It x S m -i),i < n 


A 


T,b < 


E 




E 

Di ,(s,v 
s, w), 1; 

E 


/0 y/l - A h )(t,V,S, w) 


1 


exp - 


(i,v)EJ j ,(«,w)es j , 


A (1) + A (2) + A (3) 

^X,b ^ T,b ^ 


/o ^/T^r^^t^s^w) 

f 

/0 y/l — r( h )(t,V,S, w) 


exp 


exp 


1 + rlO (t, v, s, w) 

(u*x? 


dh 


1 + r( h ^(t, v, s, w) 


dh 


+ (u*xf 


2(1 + A h )(t, v, s, w)) 


dh 


(28) 


where T r)e = r(t,v, s,w) — g(t,v,s, w) and r^ h \t, v, s,w) = hr(t,v,s, w) + (1 — h)g(t, v, s, w). Next, we shall 
show that A« = o(l), i = 1,2, 3 for sufficiently large T and small 6 > 0, respectively. 

We shall present first the proof for A^j, = o(l). To this end, we consider below the sum with (t, v), (s, w) in 
the same (Dj, 1 < i < n, denoted by A^and split further the sum into two parts as follows 


*T,b 


E 


E = - ^ T < 1 + Jt,2 


(29) 


1<2<TJ., |t —s| <e l<i<n, 11— S I >£ 


for some small e > 0 such that m and (fill) hold. For Jx,i, note that in this case, it follows from (fTTl) that 
|T rie | = p(T)( 1 — r(t — s))A(v, w), and by (f2j) that, we can choose small e > 0 such that 

A h \t,w, s, w) = (r(t - s) + (1 — /i)(l — r(t - s))p(T))A(v, w) = r(t - s)^4(v, w)(l + o(l)) 

holds for sufficiently large T and \t — s| < s. Consequently, we have (recall that A(v, w) <1) 


Jt ,i < c E p(. T )V i - r ( t - s ) ex p (-y 


l<i<n,|t —s|<£ 


+ r(t - s)|A(v, w)| 














< CTb-'4'ym^p(-^) Y V ^7(t)expf- (1 -’' (i)l ' 4(v ’ w)l) ^ 

te7?.{,n[0,T],|t|<e 

= CTb~ 1 u 2 T /a p(T)exp E s/l- r(t)ex p f- 

\ / V.wP»l.nS_ n. \ 


x exp 


te^ b n[o,T],|t|<e 

r(t)(l - |-4(v, w)|)uy 
2(1 + + r(t)\A(v,w)\) 


2(1 + r(t)|A(v, w)|) 

(1 — r(t))iij ,' 

2(1 + r(t)) 


< CTb m u T /a u™ 1 p{T) exp E v 7 ! ~ r(t) exp ^ ) 


^ b n5 m _ lt 
te7^ b n[0,T],|t|<e 

r(i)(! - |^(v,w 0 )|)?4 


X6XP 2(1 + r(t))(l +r(t)|A(v,w 0 )|)_ 
where wo is any fixed point on 91b (~l <S m _i. Since 

r(t)( 1 - |^(v,w 0 )|)u| 


vG!H b n5 m _ ll 

teTC b n[o,T],|t|<e 


^ CXP l 2(1 + r(t))(l + r(t)\A(v, w 0 )|) 
< E ex P (^—Cut ||v — w 0 || 2 j < C, 


ve5t b n5 m _i 

it follows further by (fT3l) . (071) and p(T) = r/lnT = 0(u^, 2 ) that 

Jt,i < CTb~ m uy a u%- 1 p(T)exp(^-2f S ) E \/l ~ r(t) exp ^ 


tG7?, i ,n[0,r],|t|<e 


< C6 


—m.—l 


E ^itr 


72 


exp 


te7i i) n[0,T],|t|<e 

oo / 1 

;1 E exp (“i( fc& ) 




fc=l 


< Cfr 


- m Ur\ 


which implies that Jr ,i = o(l) uniformly for b > 0 as T —> oo. 
Using the fact that ut = <zr( 1 + o(l)), we obtain 


Jr ,2 a c y ' 


exp 


CS,v),(3,w)g»i, 
l<i<n, |t —s| >e 


l + |r(f-s)| 


< rT 1 + a^- 2 m 4/ « 2 m -2 f U T \ 

< Cl b u T u T exp ^ 1 + m ) 

< CT 1+a 6 _2m u^/ a Uy m_2 T _T +fel 

< fr- 2 m (l rL (T) 2 /“ +m-1 . 


(30) 


Thus, Jr,2 = o(l) uniformly for b > 0 as T —» oo since a < (1 — 0(e))/( 1 + 0(e)). 

Next, we consider the sum A^ with (t, v), (s, w) in with 1 < z yf j < n, denoted by Note that in 

this case, |f — s| > T c and p(s,v,t, w) = p(T)A(v, w). Choose /? such that 0<c<a</3< (1 — 0(e))/(l + 0(e)) 
and split the sumA^ 1 into two parts as follows 


A (1,0) = 

^ T,b 


E 


E 


—• St, i + St, 2- 


(31) 


(t,v)en 4 ,(», wje-Dj, (t,v)e® j ,(»,w)EB j , 
1 < 15^3 <n, 11 — s | ^-r / 3 l<» 5 ^.j<n, I t-s I >T0 

For SV,i, with the similar derivation as for ®, we have 

St, 1 < (7 exp f— 


(t,v)eB j ,(»,w)ED j , 

l<i# 3 <n,|t-s|<T^ 


1 + r(t — s) 


9 



















(32) 


< CT 1 +p b- 2 m u^ a u ^ n - 2 exp Yq-|^y) 

< CT 1 +/3 fc - 2 ™ u 4/a ii 2m_ 2 T - TT §^ 


< CT^~ 1+9(0 b~ 2m ( In T) 2 / a+m_1 
implying that St,i = o(l) uniformly for b > 0, since /3 < (1 — 0(e))/(l + 9(e)). 

For S T , 2 - we need some more precise estimation. By condition (J3J , there exists some constant K > 0 such that 

9(t) In t ^ K 

for t,T sufficiently large. Thus 9(t) < K/\wT9, t > holds for T large enough. Now using (l^Sl) . we obtain 
r 2 Mj/ a+2m ~ 2 (ln T)- 1 exp i ) < T 2 4 /a+2m - 2 (lnT)- 1 exp^- 

C 


1 + K/ In T9 

(r 2 (In T) 2 /“+ TO “ 2 ^ l + K/ ln TP 


(33) 


Therefore, by similar arguments as for Lemma 6.4.1 of m we have 

2 d 


S T 2 < C 


E 


|r(t-s)-p(T)|exp - 


(t,v)eOj,(e,w)6» 3 -, 


1 + 9(T0) J 

< CTb-^ m -^4 a u 2 ™- 2 exp (~ i + f ) £ |r(t)-p(T)| 

7 te'K i ,n[o,T],t>T' 3 

= CT 2 (lnT) _1 4 /a 4 m_2 ex P f- UT - ^ • fr -(2m_ 


< Cb~ {2m ~ 2) 


In T 


Tu. 


2/a 


1 + 9(TP) J 


E Kf)-p(r)| 


2 ) 


InT 


Tu. 


E |r(t) - p(r)| 


2/a 

T teK 6 n[o,T],t>T3 


< Cb- {2m ~ 2) - 


T t&m b n[o,T],t>Tf> 

1 


/3Tu; 


2/o 


^ |r(t) In t — r\ + Cb~^ 2m ~ 2 ' ) 


Tu, 


2/c 


E 


i - 


InT 

lnt 


T t&m b n[o,T],t>Tf> t te^tnlo.Ti.^T/ 3 

where, by ©, the first term is o(l) uniformly for b > 0, and the second term is also o(l) uniformly for b > 0 
following an integral estimate below (see also the proof of Lemma 6.4.1 in [T9] ') 


cb -( 2m ~i). 


Tu 


E 


2/a 

T tesn&nlo,T],t>T0 


1 - 


InT 

lnt 


< Cb-^ 2m - l) 


= Cb~ < ' 2m ~ 1 ' > 


1 


7 1 ,, 2 / 0 lnT^ 

T teSKi,n[o, T],t>TP 

„ r i 

| ln:r|efcc. 


|lnt — lnT| 


In T9 


Consequently, combining the assertions for JT,i,Sr,i,i = 1,2 in (l29l) . (l3ll) . we have Ap ( = o(l). 

The proof of A p\ = o(l) is similar as that for A^ ^ = o(l) with minor modifications by replacing ut, Si, i < n 
by Up, S,;, i < n, we omit thus the details. 

It remains to prove Ap\ = o(l). Recall that 9T(<5) can be a sparse grid or a Pickands grid. We only show below 
the proof for 9t(<$) a sparse grid by following the main arguments as for A^. The Pickands grid case can be 
shown similarly for the sparse grid and thus we omit it here. 


to"\ 

Consider first the sum A^ h with t, s in the same Ii,i < n, which is further split into two parts as 


A (3 4) • = 

T,b ,— 


E 


E 


=: Jt, i + St,2. 


(t,»)ec i ,(*,w)eD i , (t,v)€X>i,(«,w)eD 4 , 

l<i<n,|t- s |<e !<<<n,|t-«|>e 


Note that 


u\ := -(4 + (u* T ) 2 ) =21nT + \na T /a+m - 2 + \n(6~ 1 a™- 2 ) + 0(1) 


(34) 


(35) 
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and the grid fH(<5) is a sparse grid, i.e., limr^oo i5(21nT) 1 / 2 = oo, the remaining proof of Jt ,i + Jr,2 = o(l) is 
similar to that for Jt,\ and thus we omit it here. 

(3) (3 i') 

Next, for the remaining sum A T b — A^’ b , i.e., the summand with t, s in the different intervals Ii,Ij, 1 < i / 
j < n, one can show that (recall (1551) 1 

T 2 4 /a+2ro - 2 r 1 (lnT)- 1 exp (- 1+ ^ r/3) ) = 0(1). 

The rest proof of A+ b — A^'+ = o(l) is the same as that for (I5T1) . Consequently, we have A® = o(l), which 
together with (1551) and the proved Aj) b = o(l), * = 1,2, completes the proof of Lemma 15151 □ 

Proof of Lemma 13.31 First, noting that 


P< max Y(t, v) > vt \ < IP < max Y(t, v) > vt \ = P |Af m (T a ) > vt} , 

\(t,v)e«R“n([o,T«]x5 m _i) j ((i,v)e[o,T*]xS m . 1 J 

the first assertion follows thus by (U) with elementary calculations, since |4]) holds also for T = T{u) —> 00 with 
suitable speed, see Theorem 7.2 of 1551 . 

Next, we will show the proofs of (15(71) and m with 9t(<5) a Pickands and sparse grid, respectively. 

Proof of (1501) with 93(d) a Pickands or sparse grid. The proof for the Pickands grid is similar as that for Corol¬ 
lary 7.3 in [251 with minor modification (replacing by T~Ld,o)i and thus we omit the details here. 

Now, we consider 93(d) a sparse grid. For simplicity, we denote in the following V = (93(d) x 93&)n([0, T a ] x 
and 


p(i)_ 

r T,b ■ — 


E 

tem(<5)n[o,T“ 


max Y(t, v) > v A 
v&m b ns m -i 


By Bonferroni’s inequality, we have 


P T,b : = E P ( F (*> V ) > «r,% w ) > v t}- 
(t,v)^(s,w)es 


p(i)_ p( 2 ) 

r T,b r T,b 


< P 


max_ Y ( t , v) > v? > < P P \, 

(t,v)e© 


therefore, it suffices to show that 


p(l) _ rpa—l —y—r+\/2r\\z 

r T,b — - 1 e 


'(1 + 0 ( 1 )), p£l=o(P± L >) 


j(l)x 


hold for sufficiently large T and small b > 0. Clearly, 


4 !I = a+o(i)) E 


max Y (f, v) > v J 

vg5 m _i 


teSR(<5)n[o,T“; 

= (1 + o(l))T“d _1 P > v?} 

= (1 + o(l))T a-1 e -y-r+ + 2 !'" z " 

following by elementary calculations. It remains to deal with Split the term Pj,! into two parts as 


p( 2 ) _ 

r T,b ~ 


^ ^ ='Pt,21+Pt,22- 

(£,v)^(.s,w)e£>,|£—s|<e (£,v)t£(s,w)G® ,|£—s|>e 


(36) 


Using the well-known results for bivariate Gaussian tail probability (see e.g., p. 225 in [IjTj), we have 
+T.21 < 


E^ 

(t,v)^(s,w)e®,|t-s|<£ 


5(4)¥ *,.,*) 


y/1 + r(t,v,s,w) 


By (fT51) and ([151) . we can choose e > 0 small enough such that 

l-r(t,v,s,w) 1 

-- 7 - 7 > — \t — s - 

1 + r(t, v, s, w) 4 


- V - w 
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and we thus have 


Pt, 21 < C $(4)$ I V* T \ 

(t,v)7t(s,w)eS),|t —s|<e 

< cthv* t ) y, 


1 1- 


V - w 


(t,v)^(s,w)ex>,|t-s|<e 


|t — s\ a / 2 l 


r ex P --|t-s| a (4) exp 


|| v w|| 2 (4) 2 


= c$(4) 


E 


ex p (-U- s r(4) 2 


|t-s|“/ 2 4 V 8 


£,s£9^(<5)n[0,T a ],0<|£—s| <e 

E ex p(-]7ll v - w ll 2 (4) 2 ) 


V 7^ W G IK b n <S m - 1 


< c$(4) 


E 


ex p f-U- srw) 2 


t,sem(5)n[0,T a ],0<|«-s|<e 


|t - s|“/ 2 «5, V 8 


b (m 1} u™ 1 ^ exp(-^l|v- wo|| 2 (4) 2 V 

ve%ns™-i x 2 


where wq is any fixed point on 9h> D S m - 1- Since 


E exp 4 H v “ -of (vt) 2 ] < C, 

tt. n.C , \ / 


vG^K{,n<S m _i 

for sufficiently large T. Using further the definition of v J we obtain 

1 


Pt, 2i < ]T exp(-±(fcj)°(4) 2 


0<fc«5<€ 


(k5) a ^v. 


2 „,* 

T 


= CT°-r<-‘> JT^ [fc ,(l„T)V T/ 2 «P (-^MOnp'/T) d + »(D) 

E exp (-i^lnT) 1 ^) (l + o(l)) 

" I ^ I I 1 x / 


< C'T“ _ i6 _ ( m_ i) 

< /77oa-l/,-(m-l) 

- [(lnT)V«,5]«/ 2 

= T a- 1 6 -(m- 1 ) 0 (i) ) 


[(Inr)VoJ]o/2 

1 


0<fc< [e/<5J +1 

(i + o(i)) 


where we used additionally the fact that lim-r->.oo(hiT) 1/,a <5 = oo, since 91(d) is a sparse grid. Thus, we have 
Pt ,21 = o(T a_1 ) uniformly for 6 > 0 as T — > oo. 

For the second term Pt ,22 in (IHfijl - by Normal Comparison Lemma, we have 


Pt, 22 < 


E 

(t,v)^(s,w)GX),h—s|>e 


$ (v?) + Cexp ( — 


K) 2 


1 + |r(t,v,s,w)| 


< CT a S- 1 b-^ m - 1) u^ m ~ 1) Y 


e<kS<T a 


<f> (vt) + C exp ( — 


(4) 2 


1 + \r(kS)\ 


< CT 2a 5- 2 b- 2(m - 1) u 2 T {m ~ 1) 

= '■ Pt,221 + Pt,222- 

By (O, we have v J = ur(l + o(l)). Therefore, 


<f> (u£) + Cexp ( — 


( 4) 2 


1 + 0(e) 


Pt ,221 < Cr 2a J~ 2 b~ 2(m ~ 1) ttr (m ~ 1) ^ ^t) 

\ v t) 

< CT 2a 6- 2 b- 2{m - 1) u 2 T (m ~ 2) exp (-(4) 2 ) 
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< CT 2a 8- 2 b- 2 ( m - 1 '>u 2 T {m ~ 2) [T~ 1 8u^ :m ~ 2) ] 2 

= oiT^ 1 ) 

uniformly for b > 0 as T — » oo. Since ut = uf.(l + o(l)) = (2 lnT) 1 / 2 (l + o(l)) 

Pt ,222 < CT 2a 8- 2 b- 2 ^ m - 1 ^ m - 1) exp 1 |^ j 

< CT 2a 8- 2 b- 2< ' m - 1) u 2 T (rn ~ 1) T~ J +^ 

< CT a -i7 ia -i+«(‘) 8~ 2 b~ 2( ' m ~ 1 \ In T) m ~ l . 

Both (ThU) and (lnT) 1 /"# = oo imply St ,22 = o(T a_1 ) uniformly for b > 0 as T —» 00. This completes the proof 
of the second assertion. 

Proof of (I2T1) with fR(8) a sparse grid For simplicity, we denote below 55 := 91“ D ([0,T a ] x <S m _i). Obviously, 
we have 

P 1 max Y(t, v) > vt, max_ F(t, v) > uj > 

[(tv)es (i,v)£j) 

= 5Z + 5Z =: Qt,21 + Qt,22- 

(t,v)e©,(s,w)es,|f-*|<£ p,v)eD,(s,w)eS,|t-s|>e 


By the same argument as for the term Pt, 21, we have for wq fixed on 9t{, D <S m _i 


Qt,21 < C 5Z 

(t,v)GX>,(s,w)G2),|t—s|<e 

< CT(t- r ) 

(£,v)£'D,(s,w)e£),|£—s|<e 

< C¥(u t ) 5Z 


(4(J|i-sr + i||v-w|| 2 ) 1/2 


|i — s|“/"U 


ex P s \ a ( v T) 2 ) exp 


2 d* 

T 


-^ll v - w ll 2 C4) 2 


te?i b n[o,T“] 

sG£H(5)n[0,T a ],|t-s|<e 


|t-s|“/ 2 


exp — s| a (u£) 2 


b (m 1} ^ exp^-^||v-w 0 || 2 (4) 2 ') 

n<? , \ ' 


ve«6n5 m _i 

< C'T a 6 1 - m u 2/ “u^ n_1) ¥(u T ) 

0 <fc( 5 <e 


( M )“/ 2 


r ex P ( ^ i( kS ) a ( v T ) 2 


< cT a ~ 1 b 1 ~ m Y 


0 <k5<.e 


(tD-/-(hr ) -,^ exp (~ I (M >° toT 


< CT“- 1 6 1_m 


1 


51 exp (- j(kS) a lnT 


(In T) 1 / 2 ^/ 2 ^ “•'"V 4' 

v y 0 </c<[e/( 5 ] + l 


a— 1 l 1—m 


< CT a ~ b 


= T^oil), 


[(lnT) 1 / a 8] a / 2 


uniformly for 6 > 0, where we used additionally the fact that lim'r_,. 00 (lnT) 1 /“5 = 00, since 91(<5) is a sparse 
grid. 

To bound the term Qt, 22, using again Normal Comparison Lemma, with the same arguments as for the term 
Pt ,22 j w e have 


Qt, 22 < 


E 

(£,v),(s,w)£(X),|£—s|>e 


< F(ur)<f'(uJ) + C exp ( — 


Vj, + {vt) 


* \2 


2(1 + |r(t, v,s, w)|) 


< CT a 5- 1 b- 2im - 1) u 2 T (m ~ 1) Y 


e<kS<T a 


&(vt)®(vt) + Cexp ( — 


Urp + (U^) 2 


2(l + |r(M)|) 
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< CT 2a S- 2 b- 2{m - 1 '>u 2 T {m ~ 1) 


$(vt)${vt) + C exp 


=: Qt, 


221 


Qt, 


222 - 


VT + ( V T ) 2 \ ’ 

2(1 + m ) J . 


By the same arguments as for Pt ,221 and Pt, 222 , we can show that Qt ,221 = o(T a 1 ) and Qt ,222 = o(T a 1 ) 
uniformly for b > 0 as T —> 00 , respectively. Consequently, m holds for 91(<5) a sparse grid. 

Proof of (l2lT) with fH((5) a Pickands grid. We shall use below some notation and results from [29] . Let A be a 
set in and d = (di,..., d m ) with all di > 0 , i < m\ denote 

d^4 = = (xi,X 2 ,.. .,x m ) : (^j-, G A'j 

and with A > 0 a constant 


g u = (u- 2/a \u- 2 / a \ 


...,u 


- 2 /“”>), K — [0, A] m . 


Let Z{ t),t G K m be a homogeneous Gaussian random field with correlation function rz{ t) such that, for some 
cti G (0, 2], i < m 

m 

r z (t) = 1 - ^2 |*i|“ £ (1 + o(l)), ||t||->■ 0 and r z ( t) < 1, Vt ^ 0. 


i=1 


Then it follows by similar arguments as for Lemma 6.1 in [25] that 


P max Z{ t) > u H—, max Z(t) > u = a (A)'I , (it)(l + o(l)) 

yte gu /c u teg„(« D x[o,A] m - 1 ) J 

as u —> 00 , where IHd = {kDu~ 2 ^ a : kDu~ 2 ^ a < A, k G N} with D > 0 is a Pickands grid in R and A) is 

defined by 0. It also can be proved in a similar way as for Lemma 7.1 of [29] that 

U X n° a W 


H X jf := lim 
Da S— foo A" 


G (0,oo). 


It is easy to check that 


1 - r(t, v, s, w) = (1 + o(l)) - s\ a + j 

as |t — s| —0 and ||v — w|| —> 0. Now, by similar arguments as for Theorem 7.1 and Corollary 7.3 of [29], we 
have for sufficiently large T and small b > 0 

P< max Y(t, v) > Vt + —, max Y (t, v) > vt > 

[ ' vt (t,v)ex> 


= (l + o(l))P< max Y(t, v) > vt + —, max Y(t,v)>VT 

l(t,v)e[0,T“]xS m _i V T (t,v)e«R(5)n([0,T“]x5 m _i) 

= (1 + o( 1)) • 2( 3 - m )/V m / 2 (r(m/2))- 1 T Q ^° ao 4 / “ +m " 1 ^(^T). 


Using further (1151) . we get 


vt = 


x + r — \/2r | 
clt 


+ bx + 


= v? + b T - bs,T + (x — u)/clt + o{a T 1 ) 

O ((lnln(T)) 2 (lnT )" 3/2 


* , In Ha—In V.D,oi+x-y 
= v t + -- 


Observing that v J = (21nT) 1 / 2 (l + o(l)), we see that the reminder O(-) plays a negligible role. Therefore, 
using again m, we have 


max Y(t,v)>VT, max F(f,v)>i>£ 

(t,v)e[o.T<*]x5 m _ 1 ( t, v)e s 
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= 2 (3 - m)/2 7r m/2 r- 1 (rn/2)T a 'H^’ 0 (^) 2/ “ +rn " 1 ^(^)(l +o(l)) 

= r a- 1 7r (m- 1 )/ 2 ^^.°^-l ae -!/-r+V2f| |z || ^ + 0 ( 1 )) j 

where = In H a — lnTtzya + x — y. Next, changing the variables in the definition of 'H 3 jj J ao we get that 
^■D X ’a 0 °^-D 1 a e ~ V = ^/ +x,ln ' Hd ’°‘ +v 5 which completes the proof of the lemma. □ 


Acknowledgement: We would like to thank Enkelejd Hashorva for several valuable suggestions and discus¬ 
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